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In light of complexity of correlations between random variables(especially multi-
dimensional random variables) in probability theory and statistics, it is invariably pos-
tulated that random variables are independent from one another. Nevertheless, in
practice absolute independence is hard to be satisfied. Moreover, the conclusion we
reach, after ignoring dependence of random variables, can not conform to the fact.
The paper improves the measurement which depict the concordance from the depen-
dence among the random variables, on the basis of the previous studies, we give the
extensions to the multivariate measures (i.e. Kendall’s τ , Spearman’s ρ, Blomqvist’s
β, Gini’s γ) of association that base on the concept of multi-concordance between two
random vectors and discuss the relationship between different dimension’s measures of
association. The structure of the paper is as follows.
In chapter 1, we present the background of the paper and simply introduce the
main research; In chapter 2, we introduce basic definitions and properties used in the
sequel; In chapter 3, we give the definition of multi-concordance and provide extensions
of Kendall’s τ , Spearman’s ρ, Blomqvist’s β, Gini’s γ based on multi-concordance. In
chapter 4, we study applications of multi-dimensional measures of association and some
examples.
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1 Zp<~ ck = ak
−1 ZpB~ ck = ak.
(1) X VH(B) ≥ 0 BA" B bpkhm DomH 6A H s n z	~
(2)H sl DomH = S1 × S2 × · · · × Sn ℄bj~F`$ Sk mp^6Cbz ak, qsSbbAÆ t = (t1, t2, · · · , tn) ∈ DomH , ZT^ tk = ak*p H(t) = 0 B2"A H s5Jb
(3) Z$ Sk syvbmp^6Vz bk, ~ H p(|~sFA^(b(|~ Hk  4 DomHk = Sk `; Hk(x) = H(b1, . . . , bk−1, x, bk+1, . . . , bn)qSbb x ∈ Sk mBe-(\s`l
(ob(|~h 2.1 Z S1, S2, · · · , Sn s R byv0: H sl DomH = S1 ×
S2×· · ·×Sn ℄bj~Fs5Jb nz	~ H ss$+Æsg	b<qSbb (t1, . . . , tk−1, x, tk+1, . . . , tn), (t1, . . . , tk−1, y, tk+1, . . . , tn) ∈ DomH ;
x ≤ y, mp H(t1, . . . , tk−1, x, tk+1, . . . , tn) ≤ H(t1, . . . , tk−1, y, tk+1, . . . , tn).h 2.2 Z S1, S2, · · · , Sn s R byv0: H sl DomH = S1 ×














(y1, . . . , yn) ∈ S1 × S2 × · · · × Sn, mp




| Hk(xk) − Hk(yk) | .A,Ds=  Schweizer, Sklar(1983) >*<l 2.1 Z H sl DomH = S1 × S2 × · · · × Sn ℄5Jb n z	~F H(∞, . . . ,∞) = 1. A H s n (bz4~oh 2.1 saS^ n (bz4~A^(b(|~\sz4~-((' F1, . . . , Fn.l 2.2 ^ n (b Copula sl [0, 1]n ℄bj~`| C -o0 4`6tM
(a). C s5Jb n z	~
(b). C bp(|z4 Ci  4 Ci(u) = C(1, · · · , 1, u, 1, · · · , 1) = u, A"
u ∈ [0, 1], i = 1, 2, . . . , n.qsS^ n-copula C, n ≥ 3, A$^ k (b(|z4s k-copula. 4Æ^ n-copula C s [0, 1]n → [0, 1] b~F 4`6O 
1. qS u ∈ [0, 1]n  C(u) = 0 \ u ^p^zÆ' 0 i C(u) = uk \
u bpbzÆI uk `!m' 1 i
2. qsSbb a, b ∈ [0, 1]n, Z 4 ai ≤ bi, ∀ i, p VC([a,b]) ≥ 0.g' n-copula s [0, 1]n ℄bz4~`A [0, 1]n ;oso`6n0Ol
VC([0, u1] × · · · × [0, un]) = C(u1, . . . , un).;og' VC .
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~A(|z4~' F1, . . . , Fn.2"^lT^ n-copula ~ C laqpb x ∈ R̄n, p
H(x1, . . . xn) = C(F1(x1), . . . , Fn(xn)). (2.1)X(|z4 F1, . . . , Fn s
Tb2" CopulaMns&^b{ C  RanF1,
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~-(l F b8~' F−1(t) = inf{x ∈ R |
F (x) ≥ t} ∀t ∈ [0, 1], 0l inf∅ = −∞.h 2.3 ZH s^ n(
Tb	!z4~A(|z4~' F1, . . . , Fn; Copula C (i C  4n (2.1)). 2"q ∀u ∈ [0, 1]n, p
C(u1, . . . , un) = H(F
−1
1 (u1), . . . , F
−1
n (un)).Z#p
TbMVg3^lBs=  Nelsen (1999)4 Marshall (1996)*<0 2.1 Z Φ -o,.bZ+Æz4~ ΦnR -o,.b n +Æz4~sFb=O>h' R. 
C(u1, . . . , un) = Φ
n
R(Φ
−1(u1), . . . , Φ
−1(un)).s4 n-copula.
§2.1.3 Copula ~b Fréchet-Hoeffding Xw9l [0, 1]n ℄b[~ Mn, Πn  W n X6
Mn(u) = min(u1, . . . , un), Π
n(u) = u1 · · ·un, W













2/1.8-$0! 70 2.2 q n-  [1/2, 1]n ⊂ [0, 1]n.
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= 1 − n/2 + 0 + · · ·+ 0.gP W n 3s^ copula \ n ≥ 3 i6+bls n ( Copula ~b Fréchet-Hoeffding Xb3nl 2.2 X C sS^ n-copula, 2"qs [0, 1]n "bS^AÆ u, mp
W n(u) ≤ C(u) ≤ Mn(u).
rb5U!{A> bs=  Mikusinski, Sherwood, Taylor(1992) *<_ FréchetHoeffding b6X W n 3s^ copula \ n ≥ 3 i[Ns`6b66b6Xl 2.3 qs ∀u ∈ [0, 1]n F n ≥ 3, T^ n-copula C(A_s u), la
C(u) = W n(u).A,DsL Nelsen(1999)p.42.-( C̄ ' n 
6+Æb	!eT~F n 
6+Æb	!z4~' C, <Z (U1, . . . , Un)T bz4~s C, p C̄((u1, . . . , un) = P{U1 >
u1, . . . , Un > un}.l 2.4 ` C1  C2 ms n ( Copula ~Xqs [0, 1]n "Sbb ump













2/1.8-$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Tbl 2.5 (X1, . . . , Xn)T so
Tb
6+ÆÆBb n (AÆA Copula~' C. Z α1, . . . , αn z. RanX1, . . . , RanXn sWbZig	~
(α1(X1), . . . , αn(Xn))













2/1.8-$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Cα(G1(x1), . . . , Gn(xn)) = P{α1(X1) < x1, . . . , αn(Xn) < xn}
= P{X1 ≤ α
−1





1 (x1)), . . . , Fn(α
−1
n (xn)))
= C(G1(x1), . . . , Gn(xn)).os X1, . . . , Xn s
Tb RanG1 = · · · = RanGn = [0, 1], 2"-(aH
[0, 1]n "p Cα = C.R Sklar l-(aH Copula ~ C  n (z4~zB(|z4^-o>VÆb~̀ 6bl-,\ZT^~ Ĉ O n (eT~zWBZ^b(|z4^-o>VÆb~^^5s`,H~\s Copula ;eT Copula ~7-oB C b k ((|z4bMnl 2.6 ` X1, . . . , Xn s
Tb
6+Æp Copula ~ CX1,...,Xn. 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α1, . . . , αnz. RanX1, . . . , RanXn℄sWZi~F` α1(X1), . . . , αn(Xn)p Copula ~ Cα1(X1),...,αn(Xn). 
^^5-(Flqs/^ k  αk s^WgJ~PK 1 ≤ k ≤ n 3g^OF` k = 1 2"
Cα1(X1),...,αn(Xn)(u1, u2, . . . , un) = Cα2(X2),...,αn(Xn)(u2, . . . , un)
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